W-symmetries on the Homogeneous Space G/U(1)^r by Ding, Xiang-Mao & Wang, Pei
ar
X
iv
:h
ep
-th
/0
00
30
47
v1
  7
 M
ar
 2
00
0
AMSS-1999-021
W -symmetries on the Homogeneous Space
G/U (1)r
Xiang-Mao Ding a,b1, Pei Wang c 2,
a CCAST, P.O. Box 8730, Beijing,100080, China
b Institute of Applied Mathematics,
Academy of Mathematics and Systems Science,
Academia Sinica,
P.O.Box 2734, Beijing, 100080, China
c Institute of Modern Physics, Northwest University, Xian, 710069, China
Abstract
A construction ofW -symmetries is given only in terms of the nonlocal fields (parafermions
ψα), which take values on the homogeneous space G/U(1)
r , where G is a simply
connected compact Lie group manifold (its accompanying Lie algebra G is a simple
one of rank r). Only certain restriction of the root set of Lie algebra on which the
parafermionic fields take values are satisfied, then a consistent and non-trivial exten-
sion of the stress momentum tensor may exist. For arbitrary simple-laced algebras,
i.e. the A−D − E cases, a more detailed discussion is given. The OPE of spin three
primary field are calculated, in which a primary field with spin four is emerging.
PACS: 11.25Hf; 11.30.Kd; 11.40.-q; 03.70.+k; 02.20.Sv.
Keywords: (Rational) Conformal field theory; Coset model; Parafermion; W -algebra; Lie
algebra(group); Primary field.
1.Introduction
The discovery of the AdSd+1/CFTd correspondence [24, 18, 32] brings the role of conformal
field theory to a special stage. The type IIB string theory on the AdS5⊗S5 are equivalent to
N = 4 super Yang-Mills in Minkowski space-time. However, the calculation of the correlation
functions of physical quantities are limited by our knowledge, except for the CFT2, saying
2d conformal field theory (CFT) case. With the help of infinitely dimensional symmetries of
2d CFT, much more information can be obtained. For example, Seiberg et al. considered the
duality between AdS3 and CFT2 [16, 23]. As a special case of this duality, a type IIB string
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theory on AdS3⊗S3⊗ T 4 is equivalent to a certain 2d superconformal field theory (SCFT),
which corresponds to the IR limit of the dynamics of parallel D1-branes and D5-branes.
Light-cone gauge quantization of string theories on AdS3 are given in [34].
For 2d CFT, when the central charge of the theory is greater than one, the Virasoro
symmetry must be enlarged [35], or more primary fields should be added, this extended
structure is called W symmetry. If there are a finite number of primary fields, then the
values of central charge c and conformal weight ( or spin) h take on rational values. there
are called rational conformal field theories (RCFT), see [4, 12, 20, 31] for review.
The Zk parafermion (PF) algebra is proposed by Zamolodchikov and Fateev [36] for de-
scribing a two-dimensional statistical system with Zk symmetry associating ”spin” variables
σr to each node r in a (square) lattice L, the σr take the N values ω
q (q = 0, 1 , . . . , k − 1),
where ω = exp(2ipi/k). This generalizes the fermion of the Ising model, which corresponds
to the node of Z2. It is also known that there are various of statistical models, which can be
described by this extended theory, such as the 3-state Potts model (k = 3) [11], Ashkin-Teller
model (k = 4) [33]. The Z4 parafermion also gives a consistent 6d string theory [1].
In fact, parafermion field is important in fractional superstring theory [6],W -string theory
[31, 20], furthermore in the compactification of a type II string theories on a Calabi-Yau
(CY) manifolds [13, 14] and the construction of N = 2 SCFT [9, 15]. Gepner model is the
tensor products of N = 2 minimal models with the internal central charge c = 9, which is
exactly a solvable models for strings compactified on a CY manifolds. And its applications
in Dp-brane theory are also presented in [28, 19] recently. For example, D0-branes, the
wrapping of Dp-branes on p-dimensional supersymmetric cycles leads to BPS saturated. Its
dynamics can be analyzed by a Ishibashi boundary states [21]. The Ishibashi boundary state
is the RCFT extension of a boundary state of open sting theories. In open sting theories,
the boundary must be chosen such that the 2d CFT symmetry is not broken [5, 17, 27].
(Ln − L¯−n)|B >= 0, (1.1)
here |B > is a boundary state. When the extension structure of the CFT forms a RCFT,
the RCFT symmetry on the boundary must be hold also. So that the bulk left- and right-
moving primary currents W , W¯ have to satisfy certain relations on the boundary. On the
construction of the boundary state, the Ishibashi states |i >> have the following relation,
(Wn − (−1)hW W¯−n)|i >>= 0, (1.2)
where the hW is the conformal dimension of W . So the explicit expression of W algebra
is important and helpful for solving this problem. For the intrinsic relations between the
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Gepner model and the parafermion [14], the construction of W algebra without introducing
the free boson has his own advantage.
It is well known that conformal algebra may be obtained from current algebra via Sug-
awara construction. Similar ways of constructing W -algebra from current algebras were
found by Bais et al. [2], through simple third order Casimir in level one case and GKO coset
model in SU(N)1 ⊗ SU(N)k/SU(N)k+1 case. The construction of W -algebra directly (not
by free field realization ) from SU(2)k parafermion was also proposed [30], in which the so
called Z-algebra technique was used. In a sense of that the generating PFs can be defined
through the current algebras by projecting out the Cartan subalgebraic valued components,
the Z-algebra construction may have the most similarity to the Sugawara construction. On
the other hand, parafermion is a coset valued field. Thus the parafermion realization of Wk
algebra for specific level may unify the Sugawara and the coset construction. It has been
conjectured that all RCFT can be represented as cosets, and that any CFT can be arbitrary
well approximated by a rational theory. So the studying of rational theory has his own
interesting. As we know, the bosonization representation of a conformal model provide a
much bigger Fock space[9, 26, 29]. We have to use the BRST operator (Q2BRST = 0 or other
restrictions) to project it onto the physical space. Hence there are much more complications
if we use the free field realization. Therefore the advantage of our approach is that it avoids
the ambiguity and complexity of the bosonization. It is also worthy to find Wn algebras for
PFs of higher rank group. The reason is the follows. The central charges of PFs [13, 15, 36]
c =
kD
k + g
− r, (1.3)
whereD, r are dimension, rank of Lie algebra G respectively, and level k of Gˆ is also an integer
defining the cyclic symmetry of PFs. In SU(2)k case c = 2(k−1)/(k+2) agrees with a special
case in the Fateev-Lykyanov’s W -algebra series c = (k− 1)[1− k(k+ 1)/p(p+ 1)]p=k+1 [10].
However, there is no known W -algebra, which is constructed from boson, current algebra
or coset model, has the central charge coinciding with the PFs construction of groups with
higher rank.
In [8, 7, 30] we gave a construction of Virasoro algebra by using non-local fields (parafermions)
which take values on coset space G/U(1)r, where G is a simply connected compact Lie group
manifold, its Lie algebra G is a simple one with rank r. There the so called Z-algebra tech-
nique was used. We also extended this approach to construct theW -symmetries, W3 algebra
and W5 algebra were obtained from SU(2) and SU(3), respectively (part results in SU(2)
case was reconsidered recently in [25]). While in ref. [8, 7] the construction of W3 algebra
from the SU(3) parafermion was based on a special choice of the root set for summation,
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and turned out that the W algebra were magical closed, while for other choice of root set,
the construction was not correct.
As known that in ref. [8, 7, 30] we only obtained the PFs construction of RCFT for
SU(n)(n ≤ 3) cases, and further extension of this construction was not succeed. In fact,
from SU(4) PFs the next and direct goal this construction is failed for spin three primary
field. However, it seems that the possibility was not removed at any extent, and the reasons
what make these problems arising were unclear at that time. In this paper we will discuss
these problems.
The layout of this paper is as follows. In section 2, we recall some basic aspects of
extended CFT and the parafermion field, establish our notations and obtain the identities
which will be used at a later stage. In section 3, using the relations obtained in section 2,
the Virasoro algebra constructed from arbitrary Lie algebra G PFs is given, the approach
presented here greatly simplifies the calculation in [8, 7, 30]. If we hope that the extension
structure of RCFT is nontrivial, certain restriction must be put for the Lie algebra root set
Φ on which the parafermion fields take values. They coincide with the known results for the
SU(2) and SU(3) cases, and get rid of the possibility by this construction from SU(4) PFs
for spin three primary field. Assuming the condition of the root set is satisfied, in section 4
we obtain a spin 3 primary field very general in simple-laced case, more detailed discussion
is given for Al algebra case.
2.Brief review of RCFT
In this section we first review some basic aspects of Virasoro algebra, W algebra and
parafermion field. Then notations which will be used in the sequel are introduced.
The OPE of the stress momentum tensor is
T (z)T (w) =
c/2
(z − w)4 +
2T (w)
(z − w)2 +
∂T (w)
z − w + . . . , (2.1)
the commutator of its modes generate a chiral algebra which is just the Virasoro algebra.
To simplify the the expression of OPE, we denote the last equation as,
[TT ]4 = c/2, [TT ]3 = 0, [TT ]2 = 2T, [TT ]2 = ∂T, . (2.2)
As mentioned previously in the introduction, in the case of the central charge greater than
one, it is necessary to enlarge the symmetry of the CFT by adding primary field with spin
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great than two [35]. The first nontrivial chiral primary field W (z) of conformal dimension
3 (For the left chiral field its conformal dimension is identical with its spin, so we use them
without difference.) with the OPE,
W (z)W (w) =
c/3
(z − w)6 +
2T (w)
(z − w)4 +
∂T (w)
(z − w)3
+
1
(z − w)2 (2b
2Λ(w) +
3
10
∂2T )
+
1
z − w (b
2∂Λ(w) +
1
15
∂3T ) + . . . , (2.3)
T (z)W (w) =
3W (w)
(z − w)2 +
∂W (w)
z − w + . . . , (2.4)
where Λ(z) = [TT ]0(z)− 310∂2T (z), and constant b2 = 16/(22 + 5c). The primary feature of
W field is governed by the equation (2.4). Identically, we express the above equation as
[WW ]6 = c/3, [WW ]5 = 0, [WW ]4 = 2T, [WW ]3 = ∂T,
[WW ]2 = (2b
2Λ(w) +
3
10
∂2T ), [WW ]1 = (b
2∂Λ(w) +
1
15
∂3T ), (2.5)
[TW ]6,5,4,3 = 0, [TW ]2 = 3W, [TW ]1 = ∂W. (2.6)
Parafermionic currents are primary fields of the 2d CFT. The general parafermion defined
for root lattices are proposed in [13]. For a semi-simple Lie algebra G there are D − r
generating parafermion operators ψα, where D = dimG and r = rankG are dimension and
rank of G, respectively. α is a root of G (analogy to their counter part in the antiholomorphic
sector ψ¯α, which will be left out for simplicity). For general parafermion we denote them by
a vector in the root lattices M mod a lattice kML, where ML is the long root lattices and
k is a constant identified with the level in the corresponding affine Lie algebra Ĝ [22]. The
generating parafermions are defined through their relationship with current algebra. Thus
define the fields
χα(z) =
√
2k
α2
: ψα(z)exp(iαφ(z)/
√
k) :,
hj(z) ≡ hαj (z) =
2i
√
k
α2j
αj∂zφ(z), (2.7)
for any root α and simple root αj . We require that the currents χ(z) and h(z) (Cartan sub-
group valued components) obey the OPE of the current algebra. Because of the mutually
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semi-local property between the two parafermions, the radial ordering product is a multival-
ued functions, so we can define the radial order product of (generating) parafermions (PFs)
ψα(z), ψβ(w) (α, β are roots of the underlying Lie group)[8]
R(ψα(z)ψβ(w))
=
{
ψα(z)ψβ(w), . . . , ω
(k−1)αβψα(z)ψβ(w), |z| > |w| ;
ωαβ/2ψβ(w)ψα(z), . . . ω
(k−1/2)αβψβ(w)ψα(z), |z| < |w| , (2.8)
where ω = exp(2pii/k). The RHS of (2.8) is the requirement of analysis for the field. By
using (2.8) one therefore have the following relation for the parafermion fields
R (ψα(z)ψβ(w)) (z − w)αβ/k = R (ψβ(w)ψα(z)))(w − z)αβ/k. (2.9)
which is an extension of that for fermion (i.e. α · β = 1, k = 2), and boson (i.e. k → ∞).
We will drop the R symbol in the following without confusion. The OPE of the parafermion
fields defined by[8]
ψα(z)ψβ(w)(z − w)αβ/k = δα,−β
(z − w)2 +
εα,β/
√
k
z − w ψα+β(w)
+
∞∑
n=0
(z − w)n[ψαψβ]−n,
≡
∞∑
n=−2
(z − w)n[ψαψβ ]−n, (2.10)
Which means that we have
[ψαψβ ]l = 0, (l ≥ 3) [ψαψβ]2 = δα,−β, [ψαψβ]1 = εα,β√
k
ψα+β (2.11)
where εα,β is the structure constant of Lie algebra G (see more details in the Appendix).
For every field in the parafermion theory there is a pair of charges (λ, λ¯), which take
values in the weight lattice. So we denote such field by φλ,λ¯(z, z¯) [36, 13, 8]. The OPE of
the ψα and φλ,λ¯(z, z¯) is given by
ψα(z)φλ,λ¯(w, w¯) =
∞∑
−∞
(z − w)−m−1−αλAα,λm φλ,λ¯(w, w¯) (2.12)
which means that we define the action of the operator (mode) Aα,λm on φλ,λ¯(z) by the inte-
gration
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Aα,λm φλ,λ¯(w, w¯) =
∮
cw
dz (z − w)m+αλψα(z)φλ,λ¯(w, w¯) (2.13)
where cw is the contour around w, and for simplicity the notation
∮
dz ≡ ∮ dz
2pii
is implied.
Assuming that fields Aα and Bβ are arbitrary function of parafermions with parafermion
charges α and β. The fields are local (α,or β = 0) or semilocal (α = β=root of the underlying
Lie algebra). The OPE of them can be written as
R(Aα(z)Bβ(w))(z − w)αβ/k =
∞∑
n=−[hA+hB]
[AB]−n(w)(z − w)n, (2.14)
in which [hA] means the integral part of dimension A. Hence we have
[Aα(z)Bβ ]n(w)) =
∮
w
dz Aα(z)Bβ(w)(z − w)n−1+αβ/k (2.15)
and some relations
[∂Aα(z)Bβ ]−n(w) = (n+ 1− αβ/k)[Aα(z)Bβ ]−(n+1)(w) (2.16)
[Aα∂Bβ ]n(w) = (n− 1 + αβ/k)[Aα(z)Bβ ]n−1(w) + ∂[Aα(z)Bβ ]n(w) (2.17)
[∂Aα(z)Bβ ]−n(w) + [Aα∂Bβ ]−n(w) = ∂[Aα(z)Bβ ]−n(w) (2.18)
[∂nAα(z)Bβ ]0(w) = (n− αβ/k) . . . (1− αβ/k)[Aα(z)Bβ]−n(w)
≡ Γ(n+ 1− αβ/k)
Γ(1− αβ/k) [Aα(z)Bβ]−n(w) (2.19)
in which the Γ is the usual Γ- unction. It is easy to find a relation between three-fold radial
ordering products
{∮
w
du
∮
w
dz R(A(u)R(B(z)C(w)))
−
∮
w
dz
∮
w
du (−)αβ/kR(B(z)R(A(u)C(w)))
−
∮
w
dz
∮
z
du R(R(A(u)B(z))C(w))
}
(z − w)p−1+βγ/k(u− w)q−1+γα/k(u− z)r−1+αβ/k = 0, (2.20)
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where the integers p, q, r are in the region −∞ < p ≤ [hB + hC ], −∞ < q ≤ [hC +
hA], −∞ < r ≤ [hA + hB], and α, β, γ are parafermionic charges of the fields A, B, and
C respectively. This equation is an extension of the identity A(BC)−B(AC)− [A,B]C = 0.
The contours are self evident. Performing the binomial expansion, we can rewrite the last
equation as
∮
w
du
∮
w
dz R(A(u)R(B(z)C(w)))
∞∑
i=p
C
(i−p)
r−1+αβ/k
× (z − w)i−1+βγ/k(u− w)Q−1+(β+γ)α/k
+ (−1)r
∮
w
dz
∮
w
du R(B(u)R(A(z)C(w)))
∞∑
j=q
C
(j−q)
r−1+αβ/k
× (z − w)Q−j−1+β(α+γ)/k(u− w)j−1+γ)α/k
=
∮
w
dz
∮
z
du R(R(A(u)B(z))C(w))
∞∑
l=r
C
(l−r)
q−1+αγ/k
× (z − w)Q−l+(α+β)γ/k(u− z)l−r+βα/k, (2.21)
From the two equations above we obtain the following Jacobi-like identity relations[8, 30]
[hB+hC ]∑
i=p
C
(i−p)
r−1+αβ/k[A[BC]i]Q−i(w)
+ (−)r
[hC+hA]∑
j=q
C
(j−q)
r−1+αβ/k[B[AC]j ]Q−j(w)
=
[hB+hA]∑
k=r
(−)(k−r)C(k−r)q−1+αγ/k[[AB]kC]Q−k(w), (2.22)
in which Q = p+ q+ r−1, C(l)x = (−)
lx(x−1)...(x−l+1)
l!
, and C
(0)
0 = C
(0)
n = C
(l)
−1 = 1, C
(l)
p = 0, for
p, l > 0, l > p. This identity is important for our usage, we will use it extensively. Performing
analytic continuation one more equation is obtained
[BA]r(w) =
[hA+hB ]∑
i=r
(−)t
(t− r)!∂
t−r [AB]t(w), (2.23)
and two special cases should be mentioned (n ≥ 0)
[Aconst.]−n(w) = const.
1
n!
∂nA(w), [const.A]−n(w) = const.δn,0B(w). (2.24)
In all of the previous equations A, B, C can be compound operators. We can calculate any
coefficient in OPE from fundamental equation (2.10).
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3.PFs constructions CFT
In this section, we present an another approach beside the Z-algebra technique used in[8].
This approach greatly simplifies the calculation of [8], and the restriction on the root set
arises naturally from the definition of the primary parafermion field. The detailed derivation
of OPE of the stress momentum tensor is given.
For the notation conveniences, define Nα,β ≡ εα,β/
√
k, and the following identities are
hold by Nα,β,
Nα,β = −Nβ,α = −N−α,−β = (α + β)
2
β2
N−α,α+β. (3.1)
If we only consider the simple-laced case, the results are
Nα,β = −Nβ,α = −N−α,−β = N−α,α+β. (3.2)
Further more, we define τα = [ψαψ−α]0, ηα = [ψαψ−α]−1, Ωα = [ψαψ−α]−2. We calculate the
OPE of τα with ψα, and τβ. The results coincide with the OPE of stress momentum tensor,
and the modes of τβ give the Virasoro algebras.
From the definition of τβ, and the (2.22), obviously we have,
τα = τ−α, (3.3)
[ταψβ ]l = 0, (l ≥ 3), (3.4)
setting Q = p = 2, q = 1, r = 0 in the (2.22), we have
[ταψβ]2 (3.5)
= [τ−αψβ ]2
= [ψα[ψ−αψβ ]2]0 + [ψ−α[ψαψβ ]1]1 + (1 + α
2/k)[ψ−α[ψαψβ ]2]0
− αβ
k
[[ψαψ−α]1ψβ]1 +
αβ
2k
(
1− αβ
k
)
[[ψαψ−α]2ψβ ]0
= δα,βψα +Nα,βN−α,α+βψβ + (1 + α
2/k)δα,βψ−α
+
αβ
2k
(1− αβ
k
)ψβ
= δ−α,βψ−α +N−α,βNα,−α+βψβ
+ (1 + α2/k)δ−α,βψα − αβ
2k
(1 +
αβ
k
)ψβ . (3.6)
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We denote τ =
∑
α∈Φ τα, where the Φ is the root set for summation. We require that the set
satisfy the conditions
{Φ}⋂{−Φ} = ∅, {Φ}⋃{−Φ} = ∆,
Obviously the number of roots in Φ equals the number of ones in P . In fact, the Φ can be
obtained from P by some Weyl reflections. From the equation (3.6) we obtain
[τψβ ]2 =
(
1 +
∑
α∈Φ
(αβ/2k − (αβ)2/2k2 +Nα,βN−α,α+β)
)
ψβ, (β ∈ Φ), (3.7)
where without loosing generality we choose β ∈ Φ for convenience, and we will not mention
it in the later stage. From the general theory of the conformal fields [3, 35], we know that
the conformal dimension of the parafermion ψα is (1− α2/2k). We normalize the τ to
T =
k
k + g
τ, (3.8)
in which the g is the dual Coxeter number, and k is the level of the representation of Gˆ,
which is the affinization of the classical Lie algebra G. For a consistent theory, we require
[Tψβ ]2 =
(
1− β
2
2k
)
ψβ (3.9)
or, equivalently,
[τψβ ]2 =
(
1 +
2g − β2
2k
− gβ
2
2k2
)
ψβ (3.10)
Comparing the last equation with (3.7), we get the following conditions for set Φ.
∑
α∈Φ
(
αβ
2k
+Nα,βN−α,α+β
)
=
2g − β2
2k
, (3.11)
∑
α∈Φ
(αβ)2 =
∑
α∈P
(αβ)2 = gβ2. (3.12)
The last two equations are just the consistent condition for PFs construction of CFT. From
the definition of g we know that the condition (3.12) is satisfied for any given Lie algebra
(ψ2 = 2). While the condition (3.11) brings a constraint on root system of G. Therefore we
get a necessary condition for the root set on which the summation is defined for a consistent
theory. From (3.6) we obtain:
k
∑
α∈Φ
(Nα,βN−α,α+β −N−α,βNα,−α+β) = β2, (3.13)
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while on the other hand, we have
k
∑
α∈Φ
(Nα,βN−α,α+β +N−α,βNα,−α+β) = 2g − 2β2. (3.14)
So we get the solution
k
∑
α∈Φ
Nα,βN−α,α+β =
2g − β2
2
, (3.15)
k
∑
α∈Φ
Nα,−βN−α,α−β =
2g − 3β2
2
, (3.16)
and we have (if Nα,β 6= 0, or, Nα,−β 6= 0)
∑
α∈Φ
(αβ) = 0, (3.17)
in which β is an arbitrary element of the ∆, so we can re-express the last identity as,
∑
α∈Φ
α = 0, (3.18)
This is the condition for root system G on which the summation will be taken over. Which
says that for very simple root αi the sum of his height in Φ must be zero. For SU(3)k as
an example Φ = {α1, α2, α3 = −(α1 + α2, )}, this coincides with the result in [8]. In this
paper we only consider the simple-laced cases for simplicity, saying α2 = 2, and αβ = −1,
if α + β ∈ ∆. When g = 2, Nα,β = 0, this is a special case, and we have α = β, this is
the SU(2)k (Zk symmetry). please see [30] for more details. While for g ≥ 2, we have the
following identities:
k
∑
α∈Φ
Nα,βN−α,α+β = g − 1, k
∑
α∈Φ
N−α,βNα,−α+β = g − 3, (3.19)
k
∑
α∈Φ
αβNα,βN−α,α+β = −(g − 1), k
∑
α∈Φ
αβN−α,βNα,−α+β = g − 3, (3.20)
∑
α∈Φ
(αβ)2 = 2g,
∑
α∈Φ
(αβ)3 = 6,
∑
α∈Φ
(αβ)4 = 2g + 12. (3.21)
The proof of the above identities is very simple. Using these identity (we will not mention
them separately), we have
[Tψβ]2 = (1− 1/k)ψβ (3.22)
repeating the same procedure, we have
11
[Tψβ]1 = ∂ψβ (3.23)
in the process of deriving the last equation, the identity,
∑
α∈Φ
(Nα,β[ψ−αψα+β]0 +N−α,β[ψαψ−α+β ]0)
=
1
2
∑
α∈Φ
(Nα,βN−α,α+β +N−α,βNα,−α+β) ∂ψβ , (3.24)
is used. We can express the results as the OPE
T (z)ψβ(w) =
1− 1/k
(z − w)2 +
1
z − w∂ψβ(w) + . . . . (3.25)
Repeating the same process for T , one can get the OPE of the T (z)T (w). We leave out the
detail of the all, and just give one example of them, saying
[τατβ ]2 = [[ταψβ]1ψ−β]1 + [[ταψβ ]2ψ−β ]0 + [ψβ [ταψ−β ]2]0
= δα,β[ψαψβ ]0 + (1 + α
2/k)δ−α,−β[ψβψ−α]0
+ δα,β[ψβψα]0 + (1 + α
2/k)δ−α,β[ψ−αψβ]0
+ (Nα,βN−α,α+β +N−α,βNα,−α+β − (α · β)
2
k2
)τβ
+Nα,β[[ψ−αψα+β]0ψ−β]1 +N−α,β[[ψαψ−α+β ]0ψ−β]1
+
αβ
k
(1 + α2/k)(δ[ψαψ−β ]0 − δ−α,β[ψ−αψ−β ]0), (3.26)
consider the summation for α and β, we have
[TT ]2 = 2T, (3.27)
the other terms can be derived in the same manner, they read
[TT ]4 = c/2, [TT ]3 = 0, [TT ]1 = ∂T, (3.28)
equivalently, we can re-express these results as
T (z)T (w) =
c/2
(z − w)4 +
2T
(z − w)2 +
∂T (w)
z − w + . . . , (3.29)
in which the central charge c is given by formula (1.3). The last equation is the OPE of the
stress momentum tensor. In fact, notice that τα = τ−α, and there is only single index α needs
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for summation, we can extend the summation over Φ to ∆ without difficulty for τα. And if
we choose the root set ∆ for summation, no essential differences will arise, for
∑
α∈∆ α = 0.
The only difference is the normal constant, which are two times of the original one. So
the PFs construction for Virasoro can be extended to any given Lie algebras. Therefore we
obtain parafermion representation of the Virasoro algebras underlying any given Lie algebra
with arbitrary level k. It is trivial to extend this construction to semi-simple Lie algebra
case, if the condition is satisfied by every copy of the simple Lie algebra.
4.PFs realization of RCFT with spin 3
In this section we will construct a spin three field, calculate the OPE of the field with T . It
turns out that the field is a primary field. This is one of the main features of W3 algebra.
We conjecture that this field is the first primary field in W algebras. We then calculate the
OPE of the spin 3 field with itself, and in which a spin 4 primary field emerges.
Using the notation introduced in the previous, i.e. ηβ ≡ [ψβψ−β ]−1, further we define
wβ ≡ ηβ − η−β , and w3 = ∑β∈Φ wβ. Obviously, wβ = −w−β, ∑β∈Φ wβ = −∑β∈−Φwβ.
Perform the same calculation by properly choosing of Q, p, q in the Jacobi-like identity
(the final result is the same for different choice, but for certain choice the calculation becomes
simpler), and we have,
[Tw3]5 = [Tw3]4 = [Tw3]3 = 0, (4.1)
while for example, setting Q = r = 1, q = 2, we have
[Tηβ]2 = [ψβ [Tψ−β]2]−1 + [[Tψβ ]1ψ−β]0 + [[Tψβ]2ψβ]−1
= (2− 2/k)ηβ + [∂ψβψ−β ]0
= 3ηβ, (4.2)
therefore we have,
[Twα]2 = 3wα, or, [Tw3]2 = 3w3. (4.3)
In the process for deriving those results, some known identities are used without mention.
Similarly, we obtain,
[Tw3]1 = ∂w3. (4.4)
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Equivalently, the OPE expression is
T (z)w3(w) =
3w3(w)
(z − w)3 +
∂w3(w)
z − w + . . . (4.5)
and we complete the proof for the w3 that it is a spin three primary field.
However, from
∑
β∈Φwβ = −
∑
β∈−Φ wβ, we know that the summation of wα defined on
the root set ∆ is identical to zero. It means that we cannot find any extension of the Virasoro
algebras (W -algebra) on the total root system ∆ for any Lie algebras G. If we expect that
such extension to be existence, one part of the roots (we denote it by Φ), on which the spin
three field are defined, must be separated out. While the restriction of the central charge
require that the number of the elements in Φ is the half of the ones in ∆, or is the same as
in P . On the other hand, the consistence of the theory brings more constraints on the roots
set Φ. We can express them as
Proposition: The parafermion representation of spin three primary field w3 is invariant
under the Weyl reflection up to a minus one.
s(w3) = ±w3, (4.6)
sβ(wα) = wα − 2(αβ)
β2
wβ, α, β ∈ Φ. (4.7)
Starting from this, we have the following relation for the height of Φ, it reads,
hΦ = hΦ ± hΦ, (4.8)
then the solution of the equation is hΦ = 0, which recover the consistent condition. We
used the Z-algebra technique to construct W3-algebra for SU(3) PFs in[8], for simplicity we
choose the symmetric roots Φ = {α1, α2, α3 = −(α1+α2)} for summation there. At now we
see that, this choice is essential and unique. Here, we have no enough space to list out the
calculation in detail. The OPE of W3(z)W3(w) (g > 2) are
W3(z)W3(w) =
c/3
(z − w)6 +
2T
(z − w)4 +
∂T
(z − w)3
+
1
(z − w)2
(
2b2Λ(w) +
3
10
∂2T (w) + V (w)
)
+
1
z − w
(
b2∂Λ(w) +
1
15
∂3T (w) + ∂V (w)
)
, (4.9)
W3 =
(
k3
6(k − 2)(k + 1)(k + g)
)1/2
w3, (4.10)
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in which
V (z) =
2(4k + 3)k2
3(k − 2)(k + 1)(k + g)
∑
α∈Φ
(Ωα + Ω−α)
− 2k
2
(k − 2)(k + 1)(k + g)
∑
α,β∈Φ
αβ[τατβ ]0 − 2b2[TT ]0
+
(
3
10
(2b2 − 1)− k
2(k − 2)
)
∂2T. (4.11)
is a spin four primary field, which can be proven from general CFT [3], or by directly
calculation. It is very obviously that
∑
α,β∈∆ αβ[τατβ ]0 = 0, and the left parts of V is not
a primary field anymore. So the definition of V cannot be extended to the root set ∆, For
g = 3, saying the SU(3)k case, its expression reduce to[8]
V (z) =
2(4k + 3)k2
3(k − 2)(k + 1)(k + 3)
∑
α∈Φ
(Ωα + Ω−α)
+
2k2
(k − 2)(k + 1)(k + 3)
∑
α∈Φ
[τατα]0
+
(
2(k + 3)
3(k − 2)(k + 1) − 2b
2
)
[TT ]0
+
(
3
10
(2b2 − 1)− k
2(k − 2)
)
∂2T. (4.12)
which is null at k = 3 [8], so the algebra is closed. The detailed calculation can be fund [7].
However, for g ≥ 4 cases, the full solution of this problem is still open for their complexity.
In the scene that a spin 4 primary field emerges, the algebra is not closed. However, for
higher rank Lie algebra, the central charge, which reflects the character of symmetry is
larger. From the general theory of CFT[3, 35], we know that the more independent primary
fields are needed for the larger central charge. From this point view, it is natural that
the field is not closed at spin 3. Unfortunately, we do not find an effective approach to
calculate the number of the independent primary fields at now. For the well known method
to enumerate the independent generating fields is the so called ”character technique” [4]. By
that technique, the independent generating fields is the same as the number of independent
Casimirs of G. From this point view, no spin three primary field will emerge in SU(2) case,
and this is indeed the fact from other approaches. But we have been obtained a W5 algebra
from the SU(2) PFs.
From the above discussion that the root set Φ forms a closed cycle in the root space.
However, for a lot of Lie algebras, this condition cannot be satisfied. In fact, we know that
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the set Φ can be obtained from the positive system P by some appropriate Weyl reflection.
Obviously, this requires the height of the P to be:
hp = 2
∑
α∈P
nα, hρ =
∑
α∈P
nα, (4.13)
where nα ∈ N , is the times of the α emerging in P . (4.13) says that, for every simple root
αi, his times appearing in P must be an even number. Obviously, one cannot find such set
Φ for many Lie algebras. For Al algebra, the positive system is P = {α1, α2, . . . αl, α1 +
α2, . . . , αl−1 + αl, α1 + α2 + α3, . . . , αl−2 + αl−1 + αl, . . . . . . , α1 + α2 + . . .+ αl−1 + αl}, the
last one in it is the highest root. It is obviously that, the height of simple roots αj in P (the
sum of the multiplicities of αj as an element of a root in P ) is hαj (Al) = j(l − j + 1). So in
general, the set Φ does not exist for any algebras A2n+1, (n ≥ 1)(hα1 = 2n+1, hα2 = 4n, ...),
and Φ exists for algebras A2n (n ≥ 1) (The height labeled by arbitrary simple root αi is an
even number. For example, the height hα1 = 2n and hα2 = 2(2n − 1) ). For D1 = A1,
D2 = A1 ⊕ A1, so there are no problem in these two cases; while for D3 = A3, AND NO
solution can be found in this case. For simplicity we leave the discussion of the algebras
Dl(≥ 4), E6, E7, E8 and non-simple laced algebras to other place.
5. Discussion
In this paper, we consider a construction of W -symmetries (algebras) through a special
kind of coset currents, the non-local currents (parafermion), which take values on the coset
space G/U(1)r, where rank r Lie group G is limited to a simply connected compact one. It
turns out that, the restriction given by the W -symmetry on the PFs underlying Lie algebra
is very stringent. Our extension is very general, all of the previously known results of PFs
construction are very simple example of the present discussion. In fact, the present discussion
can be generalized to semi-simple Lie algebra case, if the condition of the root set is hold for
every copy of its simple Lie algebra.
The important property of OPE is that the singular parts of it can be governed by certain
algebra. In PFs construction we use part of the regular terms of the parafermionic OPE ,
and they satisfy certain algebras also. The property and relation of their higher order terms
need further studying.
Because of the the definition of RCFT invariant boundary state is directly relevant toW -
algebra, and the important role played by boundary state inDp-brane theory, it is reasonable
to expect that W -algebra (geometry) would be found his position in the Dp-brane theory
studying. The number of independent primary fields are relevant to fusion rule and character.
16
So the problems need to further explore.
For ψα is primary currents, from the general discussion of the boundary state of open
string, it seems that, a kind of new boundary state
(ψαn ± (−1)−α
2/2kψα
−n)|B >= 0. (5.1)
should exist. By adding appropriately chosen U(1) current, spin 1 currents or spin 3/2
supercurrents, and their corresponding boundary states can be obtained.
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6. Appendix
For the convenience of usage, here we recall some basic data of the root system of the Lie
algebras[22].
Any simple Lie algebra can be classified to the classical series Al, Bl, Cl, Dl, and the
except ones, E6, E7, E8, F4 and G2. There are at most two different length roots for any of
them. For our purposes we choose the basis as
[Eα, Eβ ] = εα,βEα+β (6.1)
Denote the root set of G by ∆, We have εα,β 6= 0, if α + β ∈ ∆, εα,β = 0, if α + β /∈ ∆, and
εα,β = −εβ,α = −ε−α,−β = (α + β)
2
β2
ε−α,α+β. (6.2)
Let Π = {α1, α2, . . . , αr} be a simple system of roots of G, r be the rank of G, and Let
P be the corresponding positive system, then we have:
(i){P}⋂{−P} = ∅, {P}⋃{−P} = ∆, α, β ∈ P, α+ β ∈ ∆,⇒ α + β ∈ P ;
(ii)If, 1 ≤ i, j ≤ r, then αi − βj /∈ P , αi · βj ≤ 0;
(iii)If α ∈ P, α = ∑ri miαi, mi ≥ 0, while ρ is half the sum of the P , ρ = 12 ∑α∈P α. Then
the height of the root α is hα =
∑r
i mi; further more we define the total height of the root
system P , ht =
∑
α∈P hα, obviously, ht = 2hρ;
(iv)Weyl reflection sβ(α) = α− 2(α,β)(β,β) β ≡ α− 2αββ2 β.
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If M generate an irreducible representation of G, Let Qm be the quadratic Casimir
operator of the representation, it has an unique highest weight λ, then,
Qm = λ(λ+ 2ρ). (6.3)
For a adjoint representation of the Lie algebra, denoting the accompanying quadratic Casimir
operator as Qψ, ψ is the highest weight of the adjoint representation. Then we introduce
g = Qψ/ψ
2 = 1 + 2ρψ/ψ2, (6.4)
using the data given previous, we have
ψ/ψ2 =
r∑
i=1
miαi/αi
2, (6.5)
and so,
g = 1 +
r∑
i=1
mi =
r∑
i=0
mi, (6.6)
where g is the so-called the dual Coxeter number of the affine Lie algebra[22]. More directly
we can use the Freudenthal-de Vries Strange formula:
|ρ|2
g
=
DimG
12
≡ D
12
, (6.7)
In the A−D − E cases, g = 1 + h = 1 + r, where the h is the height of the highest root.
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